CESARO PARTIAL SUMS OF HARMONIC SERIES EXPANSIONS
It was shown by Fejer [2, p. 61] and Szasz [8] that when v(r, θ) ^ 0 for 0 < θ <τr, 0 < r < 1, then ^(r, <?) is also non-negative for all n when 0 < θ < π, 0 < r ^ 1/4, and the constant 1/4 is sharp. Fejer [2] showed that the functions <S (   W   3) (1, θ) are also non-negative for all n, 0 < θ < π. In addition, Szasz [8] showed that there exists an R£\ depending upon n only, so that SΓ(r, 0) ^ 0 for 0 < r ^ iC\ 0 ^ β ^ r, but not always for r > R ( n\ and that (1.4) lft« = 1 -w n In this paper we shall extend the results of Szasz to Cesaro partial sums of integral order k, k = 1, 2, 3. For k -3 the theorem obtained is a sharpened form of the theorem of Fejer [2] . We prove the following : the property v(r, β) ;> 0 for 0 < θ < π may be interpreted by saying that f(z) is typically-real in the unit circle, that is $/(z) > 0 for $z > 0, and $/(z) < 0 for 3ίs < 0, |z| < 1. In this case
Jo
is schlicht and convex in the direction of the imaginary axis for \z\ < 1.
For from (1.10) we have
for \z\ < 1, 0 < 0 < TΓ. 
and where ε > 0 is arbitrarily small and n k (e), k = 0, 1, 2, are positive integers depending only upon ε. ϊ%# radii ^> f c are sharp to within 0(1/%).
2* Preliminary formulas. Before we proceed to the proof of Theorem 1 we shall mention several formulas which will be needed. The following sums are easily calculated :
be regular and typically-real in \z\ < 1, which is to say that v(r, θ)= $f(re iθ ) is non-negative for 0 ^ θ ^ π, 0<r<l, and f(z) is real on the real axis. As I have shown elsewhere [3] the function f(z) may be represented by the Stieltjes integral (re iθ , φ) is the nth. Cesaro partial sum of order k of the power series for P(z, φ) given in (2.11),
By a lemma of L. Fejer [8] , [9] , [4] , it follows that (2.14) 3P 
and a fortiori typically-real in the same radius. From formulas (2.2), (2.5), (2.6), (2.7), on letting z = re iθ we obtain by simple, straightforward but long computations the following additional formulas which we shall need.
where 3) (r, θ) = {n(n + 1) [8] . For k = 1 we have ^S^ire 19 ) ^ 0 for 0 < θ < π provided ψ ( n ι) (r, θ) ;> 0 for all θ and r ^ i2^υ. From (2.19) we must determine the largest r for which
is non-negative for all θ. We rewrite Φ { i\r y θ) in the form To obtain an asymptotic estimate for ψn\r, θ) in (3.2) we shall make use of the following lemma. It is easily verified that (3.17) is true for n > 7. For 1 ^ n <: 7 the author has verified that ^n(l/2, 0) ^ 0. The calculations are simple but somewhat tedious, and will be omitted. 
We now write A sin 0 = lQSn sin (w -1)0 -4901 w sin TC0 + 560^ sin (n + 1)0 This completes the proof of Theorem 1 for the case k = 2.
In the case & -0, which was investigated by Szasz [8] , if we employ procedures analogous to those above for k -1 and 2, we are led to the expression With arguments similar to those used above, we find that the " correct " value of t is log (4/3) when n is even (as Szasz obtained [8] ), and log (4/*/3) when n is odd, the latter result being new.
5. Proof of Theorem 1 for Ic = 3. The theorem of Fejer [2] , quoted in the introduction, states that
We shall give a new and simple proof of (5.1), and also give a demonstration of the sharpened result for all integers n and all θ. From (5.6) and (5.7) we have at once that
However, the function
is analytic in | z | ^ 1, and 9ϊF(e ίθ ) = 2 sin Θ^S ( n 3) (e ίθ ) ^ 0. Since the minimum of the harmonic function ϋ\F(z) in | s | ^ 1 occurs on | s | = 1 we have ΐRFiz) > 0 for \z\ < 1. From the representation (5.9) it follows from the work of Rogosinski [7] that S (^( z) is typically-real in the unit circle, which is to say that
The theorem of Fejer, or inequality (5.1) follows from (5.10) and the remarks made in section two. We now attack the problem from an alternative point of view for the case k -3. From (2.17) and (5.6) we write (5.15) implies that a is non-positive, contrary to our assumption that a > 0. Hence a = 0 for w even and sufficiently large. However, it is easily seen that a = 0 for all even w. by the following argument. Since . To obtain an asymptotic upper bound for itS-i we shall show that (5.14) is not verified, when n is sufficiently large, for all θ when a exceeds <x 0 -1.07
, a Q being the positive root of the equation (5.4).
Letting θ = π -[hl(n + 2)], w odd, we find that the left hand side of inequality (5.14) is asymptotically equal to the expression from which (5.4) and (5.3) follow. It should be noticed that the constant a 0 in (5.3) could be replaced by a smaller one. Indeed, for θ = xjn, the left-hand side of (5.14) is asymptotically equal to (5.18) n
Calculation of the smallest positive a for which the expression (5.18) is non-positive for some x ^> π would lead to a smaller constant to replace From (2.3) and (5.1) it follows at once that R^ ^ 1 for k ^ 3 and all positive integers n.
